We determine the structure of permutations avoiding the patterns 4213 and 2143. Each such permutation consists of the skew sum of a sequence of plane trees, together with an increasing sequence of points above and an increasing sequence of points to its left. We use this characterisation to establish the generating function enumerating these permutations. We also investigate the properties of a typical large permutation in the class and prove that if a large permutation that avoids 4213 and 2143 is chosen uniformly at random, then it is more likely than not to avoid 2413 as well.
Introduction
Towards the end of his talk at Permutation Patterns 2015, Vince Vatter pointed out that four of the permutation classes avoiding two patterns of length four remaining to be enumerated are subclasses of generalised grid classes. We illustrate the value of this observation by using it to determine the generating function of the class D = Av(4213, 2143) and to explore the structure of permutations in D.
Breaking somewhat with tradition, we assume familiarity with the standard terminology and notation used for permutation classes. See [4] for a very brief introduction, or Vatter's survey article [18] for a much more thorough exposition. Other overviews of the field can be found in the books by Bóna [8] and Kitaev [14] .
The concept of a generalised grid class was introduced by Vatter in [17, Section 2] . A generalised grid class is defined by a matrix M = (M i,j ), whose entries are permutation classes. The class Grid(M) consists of those permutations σ whose plot can be partitioned into rectangular cells, one corresponding to each entry of M, such that the subpermutation of σ consisting of any points in the cell corresponding to M i,j is a member of the permutation class M i,j . Such a partition is known as a gridding of σ. See Figure 1 for an illustration. With a slight abuse of notation, we tend to identify a grid class with its defining matrix.
We prove (Proposition 7) that D = Av(4213, 2143) is a subclass of the generalised grid class each permutation in D consisting of the skew sum of a sequence of plane trees, with an increasing sequence of points above (top points) and an increasing sequence of points to its left (left points). See Figures 1 and 6 for illustrations. By analysing the structure of certain "canonical" griddings, we establish (Theorem 9) that the generating function enumerating D is D(z) = (1 − 2z) −1 + 5z − 7z 2 + 2z 3 + (1 − z) √ 1 − 6z + 5z 2 1 − 10z + 24z 2 − 20z 3 + 4z 4 .
We also investigate the properties of a typical large permutation in D and determine (Corollary 10) that, asymptotically, one fifth of the points in a permutation in D are top points, and that more than half of the permutations in D have a gridding with no left points and hence contain no occurrences of 2413.
In the rest of this introductory section, we present various definitions, notation and results that we use later. In Section 2, we investigate the structure of Av(4213, 2413, 2143), a subclass of D first studied by Bloom & Burstein [7] . Then, in Section 3, we build on our analysis of this subclass to explore the structure of permutations in D and prove our main results. We conclude with some questions.
To establish generating functions, we make use of the symbolic method as presented in Flajolet & Sedgewick [12, Chapters I and III] . We use Z to denote the atomic class consisting of a single point in a permutation, SEQ[C] to represent a possibly empty sequence of elements of C and SEQ + [C] to represent a non-empty sequence of elements of C.
We also use TREE[C] to denote the class of non-empty plane trees whose vertices are drawn from C, defined by the structural equations
We make repeated use of the fact that any permutation τ ∈ Av(213) consists of the skew sum of a sequence of plane trees, and thus Av(213) ∼ = SEQ[TREE [Z] ]. This is made evident by constructing the Hasse graph of τ, the graph corresponding to the Hasse diagram of the poset on the points of τ in which u < v if u is to the lower left of v. See the lower cell in Figure 3 and the lower right cell in Figure 6 for illustrations. Hasse graphs of permutations were introduced by Bousquet-Mélou & Butler in [9] , and previously used by the present author in [5] and [6] .
We make use of the following terminology. The uppermost (and leftmost) tree in such a skew sum is the upper tree. In each tree, the left to right maxima (the vertices in the leftmost maximal path from the root) constitute the trunk, the uppermost point of which is its tip. The uppermost branching point in the trunk of a tree is the uppermost point in the trunk of degree greater than 2.
To conclude this introductory section, we state three general propositions of analytic combinatorics that we require. Recall that z n f(z) denotes the coefficient of z n in f(z).
Proposition 1 enables us to determine the complete asymptotics of z n f(z) by repeated application to successive terms of the (Puiseux) expansion for f(z) around its dominant singularity, and Proposition 2 can be used to determine the mean and standard deviation of some parameter.
admits for large n the following asymptotic expansion:
where
(α + j) and
is the bivariate generating function for some combinatorial class, in which z marks size and x marks the value of a parameter ξ. Then the mean and variance of ξ for elements of size n are given by
Proposition 3, which is a consequence of Hwang's Quasi-powers Theorem [13] , allows us to establish that a parameter is asymptotically normally distributed from the fact that its PGF behaves nearly like a large power of a fixed function. Proposition 3 ([12, Theorem IX.12]). Let F(z, x) be a bivariate function, analytic at (0, 0) and with non-negative Taylor coefficients, and let ξ n be the sequence of random variables with probability generating functions z n F(z, x) z n F(z, 1) .
If the following conditions hold:
(i) There exist positive r and ε and functions A, B and C, analytic in (z,
(ii) The equation C(z, 1) = 0 has a unique root, ρ, with |ρ| r, ρ is a simple root, B(ρ, 1) = 0, ∂ z C(ρ, 1) = 0 and ∂ x C(ρ, 1) = 0.
Then, as long as its asymptotic variance is non-zero, ξ n converges in law to a Gaussian distribution.
Av(4213,2413,2143)
Let us begin by considering a subclass of D, the permutation class Av (4213, 2413, 2143) . First, we present a characterisation of the class, which we then use to establish its generating function and determine some asymptotic properties.
This class was first investigated by Bloom & Burstein [7] . Although they don't explicitly make use of the notion of a generalised grid class, they prove a result equivalent to our first proposition. Proof: Let B = {4213, 2413, 2143}. Suppose we have a gridding of a permutation π ∈ H, and that β ∈ B. Inspection of Figure 2 shows that no more than one point of an occurrence of β in π can occur in the upper cell, or else it would contain a 21, and neither can three or more points of β occur in the lower cell, or else it would contain a 213. Thus H is a subclass of Av(B).
On the other hand, suppose σ is a permutation in Av(B) of length n, and let τ be the maximal increasing subsequence of σ of the form (k, k + 1, . . . , n − 1, n) for some k n. Note that if k > 1, then, by the maximality of τ, the term k − 1 occurs to the right of k in σ.
We claim that σ can be gridded in H by placing the points of τ in the upper cell, and any remaining points in the lower cell. Clearly, τ avoids 21. Suppose there was an occurrence of 213 in the lower cell. Inspection of Figure 2 shows that, since σ avoids elements of B, the occurrence of 213 must occur to the left of all the points in the upper cell. However, in this case, the leftmost two points of this 213 together with k and k − 1 would form a 2143, which is impossible because σ avoids 2143. Thus Av(B) is a subclass of H.
Proposition 4 can also be deduced from Atkinson [2, Theorem 2.2], which specifies the structure of basis elements of juxtapositions of finitely based permutation classes.
Bloom & Burstein also enumerate H. We present our own proof here so that we can make use of it later when considering class D. 
.
Proof: For each permutation σ in H, we consider the gridding of σ in which the number of points in the upper cell is minimal (see Figure 3 for an illustration). We call this the canonical gridding of The minimality of the set of top points implies that they all occur to the right of the first occurrence of a 21 in the lower cell. In other words, the leftmost top point must be to the right of the (tip of the) trunk of the upper tree and not adjacent to it.
We use the symbolic method to construct the class, marking top points with t for clarity (although we don't actually need an extra catalytic variable). The structural equations are as follows:
In (1), we use P to denote a tree consisting only of a trunk (a path tree).
In (2), we use T to denote a tree together with any top points that occur to the right of some of its vertices. In Figure 3 , the dashed lines illustrate how the top points are associated with the trees.
In (3), we use U to denote the upper tree, together with its top points. This is either a path tree (with no top points), or else is constructed (tip downwards) from (i) at least one point on the trunk above the uppermost branching point, (ii) the uppermost branching point on the trunk, rooting at least one subtree, which may have top points to the right of some of its vertices, and (iii) any points on the trunk below the uppermost branching point, each possibly rooting a subtree that may have top points to the right of some of its vertices.
Finally, in (4), the class H is constructed from the upper tree, U, and zero or more T trees. Translation into functional equations yields:
,
Solving, expanding, simplifying and rearranging gives
The univariate generating function then results from setting t = 1.
From the generating function, we can determine the following asymptotic behaviour. Proof: These results follow in the standard way from singularity analysis and the extraction of moments from the generating function. The asymptotics of |H n | results from the application of Proposition 1 to the first nonconstant term of the Puiseux expansion for H(z) around its dominant singularity ρ = 
The asymptotic mean and standard deviation for the number of top points follow by the application of Propositions 1 and 2. It is also readily verified that H(z, t) is amenable to Proposition 3. Indeed, in the notation of that proposition, we have
and the exponent α = 1/2. The relevant conditions are then satisfied for any r ∈ [1/5, 1) and ε ∈ (0, 1), with ρ = 1/5, as expected, being the unique root of C(z, 1) = 0 whose magnitude is at most r. The number of top points thus exhibits a Gaussian limit distribution concentrated around n/5.
The first twelve terms of the sequence |H n | are 1, 2, 6, 21, 79, 311, 1265, 5275, 22431, 96900, 424068, 1876143. More values can be found at A033321 in OEIS [16] . Let us now turn to a consideration of the structure and enumeration of class D. In the first two propositions, we present a characterisation of the class, which we then use to enumerate the class in our main theorem. We conclude by determining some asymptotic properties. , which is itself a subclass of Av(4213).
Av(4213)
These class inclusions are illustrated in Figure 4 .
Proof: Suppose σ is a permutation in D of length n, and let τ be the maximal increasing subsequence of σ of the form (k, k + 1, . . . , n − 1, n) for some k n. If k > 1, then, by the maximality of τ, the term k − 1 occurs to the right of k in σ. Now let λ be the maximal increasing prefix (σ 1 , . . . , σ j ) of (σ 1 , . . . , σ k−1 ). If σ j+1 < k, then, by the maximality of λ, we have σ j+1 < σ j .
We claim that σ can be gridded in G by placing the points of τ in the upper right cell, the points of λ in the lower left cell, and any remaining points in the lower right cell. Clearly, both τ and λ avoid 21. Suppose there was an occurrence of 213 in the lower right cell. The point k can't occur to the left of the 213, since that would form a 4213. Thus k − 1 occurs to the right of k, σ j+1 < k, and thus σ j+1 < σ j . But that is impossible, because the points σ j , σ j+1 , k and k − 1 would form a 2143.
On the other hand, we claim that there is no gridding of π = 4213 in G. From Proposition 4, we know that such a gridding would require at least one point in the lower left cell. Moreover, only the first point of π can occur in that cell without creating a 21 there. But, if the lower left cell were to contain only the first point of π, then its remaining points would form a 213 in the lower right cell.
Let us now determine the structure of griddings in G of permutations in D. Given a gridding of a permutation in G, we refer to the points in the lower left cell as the left points. We also make use of the concept of a top or left point splitting (part of) a tree in the lower right cell. A top point splits (part of) a tree if it occurs to the right of its leftmost point and to the left of its rightmost point. Analogously, a left point splits (part of) a tree if it occurs above its lowermost point and below its uppermost point. Splitting is illustrated in the figures by pale stripes. Proof: If a left point splits a tree below its uppermost non-trunk vertex, then and the root, tip and uppermost non-trunk vertex of the tree form a 2143. Similarly, if a left point splits a tree and a top point t splits its trunk, then , the root of the tree, t and the tip of the tree form a 2143.
Fig. 5: The two griddings of 2143 in G
On the other hand, there are only two griddings of 2143 in G, which we denote Γ 1 and Γ 2 as shown in Figure 5 . A gridding of a permutation in G can only contain an occurrence of Γ 1 if the left point of Γ 1 splits a tree below its uppermost non-trunk vertex. If a gridding of a permutation in G contains an occurrence of Γ 2 but no occurrence of Γ 1 , then the left point of Γ 2 splits a single edge in the trunk of a tree and the top point of Γ 2 splits the same edge.
We are now in a position to enumerate D. 
Proof: For each permutation σ in D, we consider the gridding of σ in G in which the number of left points is minimal, with the remaining points canonically gridded (as a gridding in H) in the two cells at the right. See Figure 6 for an illustration. We call this the canonical gridding of σ in G. Clearly, there is a bijection between permutations in D and their canonical griddings in G.
The minimality of the set of left points implies that the uppermost left point is the first point in an occurrence of 2413. Since the leftmost top point occurs to the right of a 21 in the lower left cell, this 2413 must be gridded as in Figure 7 . This is the case if and only if the uppermost left point splits a tree and this tree is not the upper tree.
To enumerate D, it thus suffices to enumerate griddings of permutations in G satisfying the following four constraints, the first two of which characterise the avoidance of 2143 (Proposition 8), and the last two of which characterise canonical griddings: Let us consider the set of permutations in D containing 2413 (i.e. those whose griddings have at least one left point).
As in the proof of Proposition 5, we use the symbolic method to construct this set, reusing the definitions of P, T and U in (1)-(3) in the proof of Proposition 5. We mark left points with and top points with t for clarity (although, again, we don't actually need any extra catalytic variables for the enumeration). In Figure 6 , the dashed lines illustrate how top and left points are associated with the trees.
The structural equations are as follows:
In (5), we use L to denote a path tree together with any left points that split it. In (6), we use Q to denote a path tree split by at least one left point, together with any top points that occur to its right. By constraint (b), a path tree may not be split by both left and top points.
In (7), we use S to denote a tree split by at least one left point, together with any top points that occur to the right of some of its vertices. By constraint (b), these top points must occur to the right of its tip.
An element of S is either a path tree split by at least one left point, or else is constructed (tip downwards) from (i) the trunk above the uppermost branching point, split by at least one left point, which may have top points to the right of the tip,
(ii) at least one subtree rooted at the the uppermost branching point on the trunk, which may have top points to the right of some of its vertices, and (iii) any points on the trunk below the uppermost branching point, each possibly rooting a subtree that may have top points to the right of some of its vertices.
Finally, in (8), the set of canonical griddings of permutations in D whose griddings have at least one left point is constructed, starting at the upper left, from (i) the upper tree, which, by constraint (c), is never split by a left point, (ii) zero or more T trees, which are not split by a left point, (iii) a S tree, split by the uppermost left point, (iv) zero or more T or S trees, each possibly with left points above it, and (v) zero or more left points below the lowermost tree.
Translation into functional equations yields:
Solving, expanding, simplifying and rearranging yields a (very complicated) algebraic expression for D(z, t, ). The univariate generating function then results from setting t = 1 and = 1 and simplifying.
From the generating function, we can determine the asymptotic behaviour. 
Note that, although the denominator of the expression for D(z) has a real root whose value is 
The asymptotic mean and standard deviation for the number of left points follow by the application of Propositions 1 and 2. The limiting distribution is illustrated in Figure 8 . For part (iii), , substituting = 1 and simplifying yields
where The asymptotic mean and standard deviation for the number of left points follow by the application of Propositions 1 and 2. Although D(z, t, 1) can easily be expressed in the form A(z, t) + B(z, t) C(z, t), when this is done, both A(z, 1) and B(z, 1) have singularities at z ≈ 0.143922 < 1 5 . Thus, Proposition 3 is not applicable and can't be used to deduce an asymptotic Gaussian distribution.
However, it is not difficult to rearrange the functional equations to show that D = D(z, t, 1) is a solution of the following system of polynomial equations,
in which T = T (z, t) and S = S(z, t, 1). The significance of this particular reformulation is that each polynomial has positive coefficients. This allows us to apply a variant of the limiting distribution version of the Drmota-Lalley-Woods Theorem [10] , which states that, under very general conditions, a parameter of a combinatorial class satisfying such a system of equations exhibits a Gaussian limit law (see also [12, Proposition IX.17 and subsequent discussion]).
The original version of this theorem requires the dependency graph of the system of equations to be strongly connected, something that is evidently not the case here. However, a recent generalisation by Banderier & Drmota [3, Theorem 8.2] addresses the non-strongly connected scenario, and, with care, can be applied in this case to prove that the number of top points does indeed exhibit a Gaussian limit distribution concentrated around n/5. We leave the details to be filled in by the assiduous reader.
The first twelve terms of the sequence |D n | are 1, 2, 6, 22, 88, 366, 1556, 6720, 29396, 129996, 580276, 2611290. More values can be found at A165537 in OEIS [16] .
Questions
The somewhat unexpected result that more than half of the permutations in Av(4213, 2143) are, in fact, members of Av (4213, 2413, 2143) , is a consequence of the fact that |H n |/|D n | has a positive limit as n tends to infinity. This phenomenon deserves further investigation, as does the weaker property that the growth rates of H and D are equal: gr(H) = gr(D). We conclude with the observation which initiated this investigation. Suppose K = {S 1 , . . . , S k } is a finite collection of permutation classes. We say that another permutation class C is Kgriddable if there is a finite matrix M each entry of which is one of the S i , such that C is a subset of the generalised grid class Grid(M). Vatter gave the following characterisation of the property of being K-griddable. Consequently, three of the permutation classes avoiding two patterns of length four that were still waiting to be enumerated when this paper was first written (see [19] ) are subclasses of a generalised grid class.
• Av(4312, 3214) is {Av(12), Av(321)}-griddable.
• Av(4231, 3214) is {Av(12), Av(321)}-griddable.
• Av(4132, 3214) is {Av(132), Av(321)}-griddable.
Miner [15] has subsequently derived the generating functions for these classes, using techniques very similar to those used here.
